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ABSTRACT

Optimizing the timing and frequency of advertisements (ads) is a central problem
in digital advertising, with significant economic consequences. Existing scheduling
policies rely on simple heuristics, such as uniform spacing and frequency caps, that
overlook long-term user interest. However, it is well-known that users’ long-term
interest and engagement result from the interplay of several psychological effects
(Curmei, Haupt, Recht, and Hadfield-Menell, ACM CRS, 2022).

In this work, we model change in user interest upon showing ads based on three
key psychological principles: mere exposure, hedonic adaptation, and operant
conditioning. The first two effects are modeled using a concave function of user
interest with repeated exposure, while the third effect is modeled using a temporal
decay function, which explains the decline in user interest due to overexposure.
Under our psychological behavior model, we ask the following question: Given a
continuous time interval 7', how many ads should be shown, and at what times, to
maximize the user interest towards the ads?

Towards answering this question, we first show that, if the number of displayed ads
is fixed, then the optimal ad-schedule only depends on the operant conditioning
function. Our main result is a quasi-linear time algorithm that outputs a near-
optimal ad-schedule, i.e., the difference in the performance of our schedule and the
optimal schedule is exponentially small. Our algorithm leads to significant insights
about optimal ad placement and shows that simple heuristics such as uniform
spacing are sub-optimal under many natural settings. The optimal number of ads
to display, which also depends on the mere exposure and hedonistic adaptation
functions, can be found through a simple linear search given the above algorithm.
We further support our findings with experimental results, demonstrating that our
strategy outperforms various baselines.

1 INTRODUCTION

Digital advertising forms the backbone of today’s trillion-dollar internet economy, serving as a
primary channel for both acquiring new customers and sustaining engagement with existing ones.
Since user attention is scarce and capturing it carries significant economic value, optimizing the
timing and frequency of ads becomes a critical challenge for advertisers. This issue arises across
many settings, including placing ads in (live) video or audio streams, sending push notifications to
app users, or embedding sponsored content within or across user sessions. In each case, the objective
is to maximize user engagement and recall while mitigating long-term fatigue or satiation.

A long line of empirical work in behavioral psychology has shown that the temporal spacing and
frequency of ads have a significant effect on the memory retention and fatigue of the customer (Singh
et al., 1994} Sahni, 2015} |Curmei et al.| [2022)). For instance, following an initial positive neural
response to repeated stimuli, individuals tend to revert toward a baseline level of interest, causing
the “thrill” of the same message to fade. This initial boost is known as mere exposure, while the
subsequent tapering-off is termed hedonic adaptation in the behavioral psychology literature (Curmei
et al., [2022). Moreover, insufficient spacing between two ads can drain attention and affect memory
retention in the long run (Singh et al.l [1994)). This effect is referred to as operant conditioning.

Despite the importance of this problem, there has been relatively little work studying the long-term
cognitive and psychological effects of ad impressions (Sahni, |2015; |Aravindakshan & Naik, [2015}
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Rafieian| [2023) (see for more details). Most existing approaches for ad placement rely
on simple heuristics such as uniform spacing, front-loading, or frequency caps (Aravindakshan &
Naik, |2015; [Rafieian} 2023} |Despotakis et al.,2021), or on short-sighted policies that treat each ad
impression as independent of the others (Theocharous et al.|[2015).

Recent empirical studies have tried to move beyond these simple heuristics. For instance, (Freeman
et al.}2022) ran an experiment with 327 participants to test where ads should be placed in order to
reduce negative reactions such as anger; irritation, and perceived intrusiveness. Their main hypothesis
was that "Mid-roll ads will elicit more anger and be seen as more intrusive than preroll ads", and
their experiments confirmed this. They also tested several other hypotheses, all arriving at the same
conclusion that placing ads at the beginning is generally more effective than inserting them in the
middle. Similarly, (Ritter & Chol [2009) conducted an experiment with 129 participants on audio
podcasts. Their experiments supported the hypothesis that "Advertising at the beginning of podcasts
will generate less intrusiveness, less irritation, more favorable attitudes toward an ad, and less ad
avoidance than advertising in the middle of podcasts”. Other studies also suggest similar trends. For
example, (Goldstein et al., 2011) argues that a mix of ad placements, at the beginning, at the end, and
a small number evenly spaced in the middle, can create a more positive overall experience for users.

These studies motivate us to ask whether there is an underlying psychological reward model that can
provide an explanation for these empirical findings:

Question 1.1. Can we design a theoretical reward model for ad scheduling that captures the users’
psychological behavior?

Ideally, the optimal policy under this reward model should be consistent with the empirical obser-
vations cited above. Moreover, this model should have tunable parameters so that it can adapt to
different real-world settings. This further motivates an algorithmic question about computing the
optimal ad schedule under various parameter settings:

Question 1.2. Under such a reward model, can the optimal ad schedule be computed efficiently?

To answer [Question 1.1] we study a dynamic model of user interest under repeated ad exposures.
Let n + 1 ads be shown at time ¢ = (to,t1,...,t,), where each ¢; € [0,T] and ¢; < t;4; for all
1 € {0,1,...,n}. Here, t; represents the time at which the i™ ad is shown, and without loss of
generality, we set tg = 0 and ¢,, = T'. We refer to ¢ interchangeably as a strategy or a schedule. Given
a time horizon T and a strategy , the reward obtained from showing the i ad at time ¢; is denoted
by R(t,i). || The total reward associated with strategy ¢ is then defined as R(¢) = >."" , R({, ).

To capture user psychology in our model, we study R(Z, ) as a combination of two functions. The
first function captures the (positive) mere exposure and the hedonic adaptation effects and depends
only on the number of ads shown previously. We denote this function by B : Z>o — R, a concave
function with respect to the number of ads shown till now, and represents the reward when the i*" ad
is shown. The concavity of the function B is justified by the ‘diminishing returns’ property implied
by mere exposure and hedonic adaptation, and is common in recent literature that considers the
dynamic effect of actions (Patil et al.| 2023} [Blum & Ravichandran| 2025). The second function
is a temporal exponential decay function with parameter § € [0, 1] which captures the (negative)

operant conditioning effect so that reward at time ¢ decreases by 6t for any ad shown previously at
time ¢’. This temporal decay function is motivated by the classical theory of (Ebbinghaus),|1913) on
forgetting curves, which hypothesizes the exponential decline of memory retention over time. This
model is similar to the influential goodwill stock model of (Nerlove & Arrow, 1962)), and exponential
discounting models used in control theory (Leqi et al.|[2021).

The parameter § plays a key role in capturing different types of user psychological behavior, such as
anger, irritation, intrusiveness, or interest. A low value of § indicates that past ad impressions have
little effect on the user and therefore additional ads do not strongly reduce engagement. In contrast,
a high value of § implies that ads have more long-term effects on the user (Curmei et al., [2022).
This makes a user highly sensitive when an ad is shown, which can quickly lead to irritation, loss of
interest, or a perception of intrusiveness. Thus, the parameter § provides a compact way to encode
the psychological effects observed in experimental studies such as (Freeman et al., 2022} Ritter &
Cho, [2009; |Goldstein et al., [2011).

!Throughout, we use the term "reward" to describe the advertiser’s optimization objective. Depending on the
context, this could represent probability of purchase, user satisfaction with product, or engagement with ads.
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Given these functions, the goal is to find the number of ads n + 1 and the strategy ¢ = (fg,...,tn) €
[0, T, such that the total reward R(f) is maximized. Given this model of user reward, we first show
that the problem has a special structure: if the number of ads n + 1 is fixed, then the optimal display
timing only depends on the function capturing operant conditioning.

To answer [Question 1.2} our main algorithmic result is a quasi-linear time algorithm that, given a
fixed number of ads n + 1, outputs a near-optimal ad-schedule. Let ¢} denote the optimal time to
place the ¢-th ad. We show that each ¢] can be approximated by ¢; (produced by our algorithm)
with exponentially small error, namely, ¢ — % <t <t + 2% Our result is based on several key
insights: (1) the operant conditioning function is strictly convex, leading to a single global optima, (2)
the global optima has a special structure such that each ¢; can be recursively found using ¢1,...,¢;—1,
(3) t1 can be found using binary search with bounded error and, (4) error propagation in the recursive
computation can be controlled. Next, to determine the optimal number of ads to display, which
depends on the mere exposure and hedonic adaptation functions, we perform a simple linear search,
using the result discussed above.

We further support our theoretical findings using simulations where we compare the performance
of different strategies under our reward model. We demonstrate that our ad placement strategy
outperforms other baselines for various values of § € [0, 1].

Key insights from our model and relation to previous empirical findings. Recall that experi-
mental studies (Freeman et al., |2022; Ritter & Cho, |2009; Goldstein et al., 201 1)) suggest that placing
ads at the beginning and end is generally more effective than placing them in the middle. While
these findings provide useful evidence regarding effective ad placement, they are limited in scope and
cannot establish that such a strategy is universally optimal across all scenarios. This motivates the
need for a theoretical framework that can explain and generalize these observations. In particular, our
model offers deeper insights into ad placement strategies by explicitly accounting for all values of
d € [0, 1]. To systematically understand how ¢ influences the optimal policy and how ad placement
strategies may vary across different values of 4, we analyze the optimal ad policy in our model for all
values of § € [0, 1]. Our analysis demonstrates that the structure of the optimal schedule changes as
0 changes. Building on this, our near-optimal ad scheduling algorithm provides not only practical
scheduling strategies but also valuable theoretical insights into how ad placement should adapt across
the full spectrum of §. To be precise, we observe that for small , the ads in the optimal strategy ¢
are placed almost evenly in [T]. As ¢ increases, more and more ads start to concentrate at 0 and T
such that the first £; > 0 moves towards 0, and the last ; < T'moves towards T". The remaining ads
are evenly spaced between ¢; and ¢;. All these insights show that the optimality of heuristics such
as uniform spacing or placing more ads at the beginning, depend on the value of ¢, highlighting the
need to adapt schedules based on user behavior (i.e., 9).

1.1 RELATED WORK

Behavioral psychology. While the work on behavioral psychology is vast, in our work we follow
(Curmei et al.,[2022) and focus on three well-studied phenomena from psychology: mere exposure,
operant conditioning, and hedonic adaptation. Several works in behavioral psychology has empirically
shown the effect of mere exposure and hedonic adaptation under various settings (Cox & Cox) 2002}
Fang et al.l |2007 |Chugani et al., 2015} [Yang & Galak, 2015). The most relevant to our work is
the study of (Hekkert et al., [2013) who found that attractiveness of a product increased with the
number of times it was shown to a user. Moreover, in a similar context (Nelson & Meyvis| 2008)) also
found evidence of hedonic adaptation as a function of the number of exposures. Similarly, operant
conditioning has also been well-studied (See (Cooper et al.,[2007) and references therein). While
operant conditioning might have additional connotations in the psychology literature, we mainly use
it to model the ‘annoyance’ or ‘satiation’ effect of repeated exposures (Sahnil 2015). There has been
some effort on psychology-aware recommendation systems (Curmei et al.,|[2022; Jesse & Jannach)
2021)), however, incorporating psychological effects in advertising has received less attention.

Value of ¢ in real world. There exists some work related to determining the exact curve to analyze
user retention of content. In the work of (Curmei et al., 2022)), the authors note that in real-world
scenarios, the value of ¢ is 0.98. Several other works (Murre & Dros|, [2015} |Goldstein et al.l 2011}
provide motivation for setting J between 0.7 and 0.99. This is also the regime where uniform spacing
is a bad strategy as compared to the optimal ad schedule (see[Section 6).
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Ad scheduling. The problem of optimizing ad schedules has been studied across various communities
such as marketing, operations research, and machine learning. One of the earliest work is due to
(Nerlove & Arrowl |1962), who proposed the goodwill-stock model that treats advertising as an
investment that builds a “stock” of consumer goodwill (or awareness) which then depreciates over
time. Specifically, they considered a dynamical model of change in consumer goodwill given an
ad impression, and cast the problem of optimizing the ad schedule as an optimal control problem.
However, they do not consider memory/satiation effects, and the optimal policy under their model is to
show most of the ads at the start of the time-horizon. (Naik et al., [ 1998)) extended this work to consider
memory effects, however, the optimal policy under their dynamical system is not interpretable. (Sahni,
2015) conducted field experiments to demonstrate that temporal spacing of ads has a large effect
on the memory retention and satiation of the users. More recently, the problem of optimizing ad
schedules has been casted as a reinforcement learning problem (Rafieian, 2023 |Theocharous et al.}
2015). While these algorithms tend to be general-purpose, their solutions are hard to interpret and
can be difficult to execute in practice, given the complexity of ad exchanges (Despotakis et al., 2021).

Dynamic rewards and restless bandits. (Leqi et al.,|[2021) introduced a bandit framework that
models user satiation using linear dynamical systems and showed that the greedy strategy is optimal
when all arms have the same base reward and decay profile. More broadly, several works have
explored reward structures where the current payoff depends on historical actions and decays over
time (Heidari et al.| 2016} [Levine et al., 2017} |Seznec et al., 2019). In contrast, (Kleinberg &
Immorlical 2018)) studies a setting where rewards increase with time since the last pull. Related ideas
appear in models where rewards evolve based on the number of pulls or the time elapsed since the last
interaction (Cella & Cesa-Bianchil [2020; Basu et al., [2019; [Warlop et al.| 2018; Mintz et al., 2020).

Digital advertising. In (Schwartz et al.l|2017)), the authors investigated customer acquisition through
advertisements on online platforms using multi-armed bandits, and designed a policy that achieves
an 8% improvement in acquisition rate. (Adany et al., 2013)) addressed the problem of allocating
personalized ads to users, considering each user’s profile and estimated viewing capacity. (Seshadri
et al.l|2015)) explored advertisement scheduling to meet advertisers’ campaign goals while maximizing
ad-sales revenue. (Dobrita et al.,[2025) proposed a framework that leverages k-nearest neighbors to
predict ad positions, enhancing ad scheduling optimization. Aiming to maximize viewership under
budget constraints, (Czerniachowskal 2019) presented a scheduling solution aligned with advertisers’
budgets. (Sumita et al.,|2017) developed a (1 — €)-competitive algorithm for envy-free allocation of
video ads where ¢ > 0 is a constant. We also note that digital advertising is a vast field with many
practical considerations — here we summarize work that is closely related to our theoretical modeling.

1.2  ORGANIZATION

In we formalize the problem, and in we present a near-optimal algorithm for
scheduling ads. Next, in we analyze this algorithm, followed by a discussion of the

broader implications of our work in We support our theoretical findings with experiments
in and conclude by outlining the key takeaways, limitations, and possible extensions in
All remaining details and proofs are provided in the Appendix.

2 PROBLEM DESCRIPTION

Let 7" denote the total time horizon, which is known to us in advance. We consider the setting where
we have to display n + 1 homogeneous ads in the continuous time interval [0, T]. We assume for now
that displaying these ads is instantaneous, though in[Appendix E| we will show how to extend this to
the case when each ad needs the same amount of time. As discussed before, the function R(Z, %) is
composed of two parts. The first part B(4) is the reward when the i** ad is shown (note that i could
also be 0 and corresponds to the ad shown at ¢), and is simply a function of the number of times we
have shown the ad previously, and not of the times at which we show ads. In this work, we consider
B(i) to be a concave function, for example, the sigmoid function B(i) = H%, but in general, any
function would work. The second function depends on both the number of times we show ads and
the times ¢; at which ads were shown. Let ¢ = (tg,#1,...,tn_1, t,) denote the time and order in

which ads were displayed. The second function is 7. Zé;é dt=t where 6 € [0,1]andy € Ry isa
constant that parameterizes the strength of this effect. The term Zé;é §t1=%, 6 € [0, 1] captures the
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temporal decay in the loss when the [*" ad is shown. Hence, the reward for the i ad under strategy

is given by R(t,1) = B(i) — v Y ;_, 0" ".

Let 2 € N be an upper bound on the number of ads that can be shown in [0, T']. Our objective is to
find the number of ads n + 1 < 71, and the strategy t = (o, . . ., t,,) according to which ads should
be shown so that the reward R(?) is maximized.

The reward R(t) can be written as:

n

R =Y R0 =Y (Bl st | = (Z B@) (s
=0 3=0 =0

i=0 J<i

Observe that the first term ), B(¢) is independent of the times at which we show the ads, and only
depends on the number of ads themselves. The coefficient of the second term, i.e., v, only plays the
role of a scaling factor. Hence, maximizing R(t) for a given value of n is equivalent to minimizing
the loss L(t), where L(t) is defined as L(#) = >, _,(8%~%).
Once we can find the optimal value of R(?) for strategies that involve showing n + 1 ads, we can
iterate over n possible values to find the optimal number of ads to be shown. Next, we provide an
overview of the algorithm to find the optimal number of ads to be shown to maximize the reward, and
the optimal strategy ¢ to show these ads.

3 NEAR-OPTIMAL ALGORITHM FOR AD SCHEDULING

In this section, we provide an overview of our near-optimal algorithm for ad scheduling. We first
consider the case when we know n+ 1, the number of ads to show. Given the time horizon 7" and 6,
we want to compute the schedule ¢ = (¢o,¢1,...,t,), such thatforall 0 < i <mn —1,¢; < t;y;.

The first step in our algorithm is to compute the number of ads to show at time 0 and 7. Note that
multiple ads can be shown at the same time, given the instantaneous nature of the ads (we relax
this assumption in[Appendix E). Let ¢, > 0 be the first non-zero time at which an ad is shown, i.e.,
a — 1 ads are shown at time 0. We will define the quantity 7; as T; := §%, and throughout the
paper we derive our results in terms of T; for ¢ € {0,...,n}. Given the parameters n, T, 4, our first
algorithm (Algorithm outputs the value of @ and T}, = &%=, Later in our analysis, we show that all
the subsequent ad timings can be found once we know a and 7;,. We now describe the algorithm to
find @ and T}.

Algorithm 1 Algorithm to obtain a and T,
1: Input: n, 6, T.

n—2a

: Find the smallest value of a € [n/2] s.t. D= > 67 and 5 -

2
3: For the above value of a, define the function h(7,) =
4

(a(sT)n+272a
(a5T+1)n72a
1 (aTa)n—2n,+2
a? " (I+aT,)" 2@

: Compute the solution for the equation h(T,) = §7 via binary search. For binary search, initialize
the search space to be [67, 1]. (see|Appendix C|for more details)

5: return (a,Ty)

< 67 holds.

As Algorithm I|returns a, we now know the first non-zero time to show an ad. This means that we
show a — 1 ads each at t; = 0 and at time ¢,, = T". Note that for the corner case when the value of a
does not exist, and for a detailed algorithm, refer to[Appendix D} Once a and T, is known, Algorithm
[2)shows how to find the near-optimal schedule.

Algorithm 2 Algorithm to obtain near-optimal schedule

1: Input: n,9,7T,a,T,

2: Sett; =0,Vie{0,...,a—1}andt; =T, Vje{n—2a+1,...,n}

3: Sett, =In(7,)/In(6)and t,,—, =T — t,

4: Distribute the remaining t; 4, Vi € {0,...,n—2a} suchthatt;;, = t,+i-(tn—a—tq)/(n—2a)
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Algorithm [2] provides a near-optimal ad schedule when the number of ads n is known in advance.
If n is unknown, we use Algorithm [3|to determine it. Below, we show how to compute the optimal
number of ads n, given an upper bound 72 on the total ads that can be shown within the time horizon
T.

Algorithm 3 Optimal number of ads

: Input: 0,7, n ~

: For each n € [71], compute the near-optimal strategy ¢,, using Algorithm
: For each near-optimal strategy, compute R(t,,)

return the value of n that maximizes R(t,,)

AW =

Algorithm [3]returns the optimal number of ads to show and the near-optimal strategy to display them.
For clarity, we focus our analysis on the case a = 1, i.e., the case where only one ad is shown at time
0 and time 7', respectively. The general case a # 1 is discussed in [Appendix D|and follows a similar
approach. When a = 1, our goal is to show that approximating 7} helps us approximate t1, ..., t,,
resulting in a nearly optimal schedule. In the next section, we outline our approach for the a = 1

case, with full proofs provided in

4 ANALYSIS OF OUR ALGORITHM FOR a = 1

In this section, we present our analysis of the near-optimal strategy for the case a = 1. The analysis is
divided into three parts: [Section 4.1|proves that L has a unique minimum. derives closed-
form expressions showing that each T; can be written in terms of 77. first approximates
T, and then ¢; to an additive error of 1/2™. Once T} and ¢, are approximated, the remaining 7; and
t; values can be computed easily. We now start our analysis by showing that L has a unique minima.

4.1 L HAS A UNIQUE MINIMA

In this section, we want to argue about the number of minima for the loss function L. Specifically,
we want to show that L is a strictly convex function, and hence, it has at most one minima. This
would imply that local minima is also the global minimum (Boyd & Vandenberghe, 2004). This
characterization helps us to find the minima for L.

For a strategy ¢, to form a feasible solution, it must satisfy ¢; < ;11 and 0 < ¢; < T'. Then, the set of
feasible solutions, which we denote by D, is defined as follows: ¢; € R,0 < ¢, < T, t; < tjp1,t0 =
0,t, = T. We first show why ¢ty = 0 and ¢,, = T are required to minimize L.

Lemma 4.1. In any optimal solution t that minimizes the loss function L, we have ty = 0 and
t,="T.

For L = ZDj §titi let a;; = t; — t;, where i > j and denote L' = Zi>j 0% . The feasible

solution D’ for L' is given by: a;; € R Vi > j,a;; > 0,an0 = T, a5 + aji = aip.

Using we only consider those ¢ where tqg = 0 and t,, = T'. Since t, and ¢,, are fixed, all
references to V L hereafter are with respect to ¢y, t2, . .., t,—1. To show that L has a unique global
minima, we divide our analysis into four parts: (1) We establish that there exists exactly one global
minima in D’ for the function L', by showing that L’ is strictly convex and the space D’ is compact.
(2) We show a bijection between D and D’. (3) We show that, according to the previous bijection, L’
indeed models L. (4) We finally show that the minima of L’ corresponds exactly to the minima of L,
and vice versa. Note that the missing proof of the technical details to prove that L has a
unique minimum, and the proof of the following theorem, can be found in

Theorem 4.2. The function L admits a unique minima in D.

As we have shown that L has a unique minima. To find the minima, we first argue that all 7;;’s can be
expressed in terms of 77.

4.2 DEPENDENCY OF T;’S ON T}

Let T; = 6% fori € {0,1,...,n}. In this section, we show that 7%, T3 . .., T}, can be expressed in
terms of 7;. As shown in [Section 4.1} we know that L = > i §ti~% has a unique minima and
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therefore our eventual goal is to find this minima. Let Hy = (515 ) , H1 = (5 + 5t ). similarly

H = (s+5++35m) = Z;:o 5% In the following lemma, we show how T; can be
expressed in terms of T;_1, H;_1, H; o, which will later help us to express 7; in terms of 77 .
Lemma 4.3. For1 <i <n — 1, for any strategy t = (0,1, - ,t,_1,T) corresponding to which

VL = 0, the following relations hold:

14 \/1 FAH, o H, (T2 )
T; = ()
2H; 4

We now use [Lemma 4.3|to show that every 7} can be expressed in terms of 77, which is the main
theorem of this section.

Theorem 4.4. For any strategyt = (0,t1,- -+ ,t,_1,T) corresponding to which VL = 0, for all i

in{l,---,n— 1}, T; can be written in terms of Ty as follows:
Ti
7= — -1 2
(]. + T1)171 ( )

Note that in[Theorem 4.4] we have shown that T», ..., 7T;,_; can be expressed in terms of 77. We
now show how to express 7T, in terms of 77.

Lemma 4.5. For 1 < i < n, for any strategy t = (0,t1,...,t,_1,T) corresponding to which
VL = 0, the following relation holds:

i =T 3)
(1+Ty)n2 "
To conclude, we derived many interesting relations between 717,75, ..., T, in this section. The
missing details and proofs can be found in In the following section, we use the theorem
and lemmas of this section to find an approximate value of T; and ¢; foralli € {1,...,n — 1}.

4.3  APPROXIMATING t;’S

In|Section 4.1] we showed that a unique minima exists for L, and in|Section 4.2} we showed that

(T, ..., T,) can be expressed in terms of 77 . In this section, we show how to find an approximate
solution for (7%, ...,T,) by finding an approximate solution for 7}. Note that as T} = §', once
we obtain an approximate solution for 77, we also get a solution for ¢;. To this end, we describe
the outline of this section before proving every detail in We first show that 77 has a
unique solution and then demonstrate how to approximate 7} using binary search. Once we obtain

an approximation for 7}, we use it to approximate T;, ¢ € {2,- - ,n} using[Theorem 4.4} Next, we
approximate ¢; using 74, which further helps in approximating ¢, . . ., ¢,.

For an optimal ¢}, let T; = §*1 be the optimal value of T} that satisfies VL = 0. Similarly, define
T5,...,Ty. First, we show the following result for T;.
Lemma 4.6. Assuming T7 (1 —€) < Ty < Ty (1 + €), then T; can be bounded by T} - (1 — 4™¢) <
T, <Tj-(1+47e).
‘We now use the above lemma to approximate ¢;, which is our main result.

. * 21In(2)e *
Lemma 4.7. Fore < % t; = logs T; is bounded by t} — log(g/)(s) <t <ti+

Corollary 4.8. Setting e = - - lgglgll(/;;)

2In(2)e
log(1/4)"

we have, t7 — o < t; <t + 5.

We have thus shown that each ¢; can be approximated within an exponentially small error of the
optimal ¢}, completing the analysis of our near-optimal strategy for a = 1. We next discuss several
important implications and behaviors of the solution.

5 IMPLICATIONS

Having already established the optimality for the objective function L, we now proceed to analyze
its structural properties. These properties reveal how the placement of advertisements varies with 9,
offering deeper insights into the behavior of our strategy under different values of §. We summarize
here the behavior of our near-optimal solution, which is mathematically proved in[Appendix E|
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Observation 5.1. The near-optimal ad schedule exhibits the following patterns as ¢ varies: (a) As
d — 0, ads are placed at evenly spaced intervals, (b) as 0 increases, more ads concentrate at times 0
and T, (c¢) as 0 increases, the first t; > 0 moves towards 0, and the last t; < T moves towards T.
The remaining ads are evenly spaced between t; and t;.

The above properties indicate a form of clustering behavior in our near-optimal solution. When
& — 0, it is optimal to display the advertisements at uniformly spaced intervals. As § increases, a
greater number of advertisements are placed at the endpoints, 0 and 7', while the remaining ones are
evenly distributed in the interior of the interval. In the limit as § — 1, the majority of the ads are
concentrated at 0 and 7', with only a few ads placed uniformly in between.

6 EXPERIMENTS

In this section, we evaluate the performance of our near-optimal strategy through four distinct
experiments: (1) how does the near-optimal strategy vary as the value of § changes? (2) comparison
between our strategy and other baseline strategies? (3) how does the loss function change with a
change in the number of ads? (4) how to find the optimal number of ads? We provide a brief overview
of each experiment below. For detailed setup and additional results, please refer to

6.1 VARIATION IN NEAR OPTIMAL STRATEGY WITH CHANGE IN 0

In this experiment, we illustrate how our strategy evolves as the parameter J increases from O to 1.
depicts the outcome when the number of ads n + 1 is odd. Please refer to the
for the odd case. Initially, for § < 0.4, the ads are placed nearly equidistantly. As ¢ increases beyond
0.4, the ads gradually bifurcate—half of them shift towards ¢ = 0, and the other half move towards

t = 20. This experiment aligns precisely with the behavior we obtained in

6.2 OUR STRATEGY VS BASELINE STRATEGIES

We compare our near-optimal strategy against three baselines - Uniform, Corner, and Random, which
are explained in[Appendix F Our experiment models a video streaming setting, where users engage
for 1.5-2 hours and are shown approximately 15 ads. Therefore, we have n + 1 = 15 and T' = 100.
For this experiment, we focus on a high value of § (greater than 0.9) as suggested in (Curmei et al.}
2022). As observed in our experiment ( [Figure Tb) and in [Observation E.T3] when 0 is small, the
Uniform strategy performs well. Conversely, when ¢ approaches 1, the Corner strategy becomes more
effective. Our results show that the near-optimal strategy adapts to ¢ and consistently outperforms
all baseline strategies. Specifically, at 0 around 0.98, our strategy outperforms all other baseline
strategies at least by 10%.

6.3 CHANGE IN LOSS WITH NUMBER OF ADS

We now conduct another experiment to quantify the loss incurred by our near-optimal strategy due
to the effect of operant conditioning, as the number of ads increases. Let L#(n + 1) denote the
loss associated with showing n ads under our strategy. A natural intuition is that if showing n ads
results in a loss of L#(n + 1), then doubling the number of ads would roughly double the loss, i.e.,
L#(2(n+ 1)) ~ 2+ L*#(n + 1). Our experiments actually support this intuition (see .

Interestingly, for smaller values of § (around 0.7), the loss remains relatively stable even as the
number of ads increases. However, we observe a sharp rise in loss as ¢ increases from 0.9 to 0.99,
indicating increased sensitivity to operant conditioning in this regime (see|[Figure 1c).

6.4 OPTIMUM NUMBER OF ADS

In our final experiment, we demonstrate that for a given user (fixed ¢), the optimal number of ads n+ 1
changes under different mere exposure and hedonic adaptation functions. We use a sigmoid reward
function B(i) = k - ﬁ, where k captures the overall strength of these effects and ¢ controls
sensitivity to the number of ads. For k, ¢ > 0, the function is concave and increasing. As shown in
the reward initially rises with more ads due to the dominance of mere exposure. Beyond
a point, the negative impact of hedonic adaptation and operant conditioning becomes significant,
causing the reward to decline. The peak of this curve corresponds to the optimal number of ads. For

other related experiments, refer to
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Figure 1: (a) Change in near-optimal strategy with ¢ for 7 ads and 7" = 20. (b) Loss between
near-optimal and baseline strategies for n + 1 = 15, T' = 100. (c) Loss increases as the number of
ads increases. (d) Gain function used to find the optimal number of ads for a user with 6 = 0.9.

7 CONCLUSION

In this paper, we consider a model that incorporates dynamic psychological effects — mere exposure,
hedonic adaptation, and operant conditioning — into the problem of ad scheduling. We present a near-
optimal strategy to schedule ads based on our behavioral model. Our strategy leads to several insights
into the problem of ad scheduling, for example, equal spacing of ads might not be optimal under
many settings, and it might be better to show more ads in the beginning and at the end as compared
to the middle of the time-horizon. We also support these theoretical results using simulations.

7.1 LIMITATIONS/EXTENSIONS

Seasonality and non-stationary rewards. While our model can work well for real-world settings
where the rewards are approximately stationary, such as inserting ads into a (live) video stream, our
model does not handle scenarios where the rewards are affected by seasonality or time-of-day effect.
For example, it is unlikely that sending a push notification at night will result in user attention. It will
be interesting to extend our model to account for non-stationary rewards.

Competition between ads. In our work, we consider the optimization of the ad schedule from the
point of view of a single advertiser or an ad agency running multiple homogeneous ads. In the future
it will be interesting to account for externalities in the form of competing ads across various channels.

Incorporating context or side-information. Our model does not incorporate the context or side-
information of the user or the ad into the optimization problem. This is motivated by the fact that
under many scenarios, advertisers do not have access to user information, such as advertising on
streaming platforms. Another future direction is to incorporate additional context of the user and ad.

Learning the reward function. Our current setup assumes knowledge of the reward function
(including the parameter ¢). While our methodology is flexible enough to allow various types of
reward functions, it will be interesting to study our problem as a joint learning and optimization
problem in a multi-armed bandits setting.
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A MISSING DETAILS OF SECTION [4.1]

Before proving that L has a unique minima, we want to highlight that the proofs of this section work
for all values of a. We now provide the missing details of Section[4.1]

A.1 PROOF OF LEMMA [4.1]

We first argue that tq = 0, in any optimal solution #. The argument for ¢,, = T is quite similar.

For the sake of contradiction, assume that we have an optimal solution ¢ where ¢y # 0. Consider a
solution ¢’ where t; = ¢; for all ¢ > 0 and ¢{;, = 0.

We have
L(t) = Zéti*to 4 Z sti—ti

§>0 §>i>0

L(t’) _ Z(st;—tg + Z 5t;—t,§

3>0 j>i>0

- Z(sta‘ + Z Sti—ti
J

3>i>0

IR
J

§>i>0
S S
J j>i>0

= L(?).

This implies that L(¢') < L(t), which is a contradiction.

and

A.2 PROOF THAT L HAS A UNIQUE MINIMA

As discussed in Section[4.1] our approach to proving that L has a unique minima is divided into four
key steps. We now prove each of these steps in detail.

Lemma A.1. L' admits a unique minima in D’.

Proof. Observe that 6% is strictly convex for constant § € (0, 1), as the double derivative of §%
is positive. Since the sum of strictly convex functions is also strictly convex, L’ is a strictly convex
function.

Observe that a;; + an; + ajo = ano = T'. Hence, a;; < T for all 4, j. This means that the feasible
region of a;; is bounded, and since the region is an intersection of linear inequalities, the feasible
region of a;; is a polytope.

Also, note that D’ describes a polytope and hence D’ is a convex region. As L’ is strictly convex and
D’ is a convex region, L’ has at most one minima in D’ (Boyd & Vandenberghe, 2004). Again, we
know that polyhedra are compact sets. Therefore, the function L’ has a unique minimum in D’ (Boyd
& Vandenberghe, [2004). O

We now present a bijection B between the space D and D’ and show that /3 preserves minima. Define
the mapping B : D — D’ as follows:

e Given t;, we set a;g = ¢;.

¢ Define Qi3 = A0 — @50

We now show that B is a bijection:
B(E)U =t; — tj,Vi > 7.

13
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Lemma A.2. The mapping B is a bijection from D to D'.

Proof. Let B(t) = a, for an element ¢ € D. By definition, a,;; = t; — t; > 0 since ¢ > j. Also, note
that a;; + a;p = t; —t; +t; — tx = t; — tx = ay,. Hence, a;; satisfies the constraints associated
with D’. Hence, B is feasible in the domain D’.

Observe that if t; # t/, then a;o # al, hence it is an injection.

Given a;;, let define ¢ where t; = a;o. We show that B(¢) = a. Let B(t) = o, and we will show
a’ = a. Firstly, by definition of a’ and ¢,
CLQO = ti = a;Q-
We also have
a;j = (120 — a;-(] = ti — tj = ;0 — ajO = az-j.
Therefore a = a’ and hence for each a, there exists a ¢ such that B() = a. Therefore, B is a
surjection. Since B is both an injection and a surjection, it is a bijection. O

Corollary A.3. As B is a bijection, it is also invertible. It can be verified that,
(B~ (a))i = aio-

To this end, we now show that L' indeed models L according to B:
Lemma A4. L(t) = L'(B(t)).

Proof.

L(t) =" o

i>j

= 37 §8-50)

1>]

_ E 50407(1]'0

i>j
- Z §%ii
i>j
— L/(B(D).
O

Next, we demonstrate that B3 preserves the minima, i.e., t* is a minima of L iff B(¢*) is a minima of
L.
Lemma A.5. t* is a minima of L iff B(t*) is a minima of L.

Proof. Let us first prove the forward direction. If ¢* is a local minima of L, then by definition, there
exists an e such that for all ¢, |t — t*| < €, so we have that L(t) > L(t*). Set ¢/ = e. We want to
show that in the neighborhood around a* = B(t*), for all a, L' (a) > L'(a™).

For the sake of contradiction, assume that there exists a € D’ such that |a — a*| < ¢’ and L' (a) <
L'(a*). Consider t = B~!(a). First, observe that |t — t*| < e since a has ¢ embedded in it. Also, we
have L(t) = L'(a) < L'(a*) = L(t*), which is a contradiction to the fact that t* is a local minima.

We now prove the other direction. Let a* be a local minimum for L’. Hence, by definition, there
exists an ¢ such that for all a, |a — a*| < ¢, we have L(a) > L(a*). Let us set € = ¢/2n2.

For the sake of contradiction assume there exists a t € D such that |t — ¢*| < ¢ and L(¢) < L(t*).
Observe that (|B(t) — B(t*)|) < 2-max;(t; — tF) - n? < 2n2€’ (using the fact that the magnitude of
a vector is more than the value of each of its components). Also, (L' (B(t) — L'(B(t*)) < 0, which
is a contradiction to the fact that ¢* was a local minima. O

Putting everything together, we now present the proof of Theorem

14
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A.3 PROOF OF THEOREM [4.2]

First, we showed that the function L’ admits a unique minima in D’ in Lemma[A.1] We then proved
that the number of minima of L in D is the same as the number of minima of L’ in D’ in Lemmal[A.3]
Hence, L admits a unique minima in D.

B MISSING DETAILS OF SECTION [4.2]

In this section, and in Appendix [C] we focus on the case a = 1, and defer the general case (a # 1)
to Appendix @ When a = 1, the two conditions in Line 2 of Algorithm simplify to 55 > 67

and ((ST(‘S:% < 6T. The second condition always holds, while the first condition holds only

when T' > nlog, /5(2). Therefore, in this section and in Appendix we assume T' > nlog,; /5(2)
whenever needed. The case T" < nlog, /6(2), where a # 1, is handled in Appendix @ We now
provide the missing details of Section[d.2} To this end, we show how 7; is can be expressed in terms
of Tl, . 7Ti—1 and Cri—i—l to Tn
Lemma B.1. For1 < i <n —1, for any strategyt = (0,41, -+ ,tn—1,T) corresponding to which
VL =0, we have,

1

i = ————— ] (Y 44 S
( ) <6}0+...+1>< )

Sti—1

Proof. As we know VL = 0, therefore the partial derivative with respect to ¢; can be written as

o) _,
a(t1)
This implies that
5t1 1 to ts tn
S 5 (@0 0 =0
We can rewrite the above equation as
1
5t0
Similarly, for any ¢ € {2,--- ,n — 1}, we have
o(L
(L _,
O(ti)
1 1 1 1
" (5t° Tem T 5t7-_1> — (0 40 =0
= [ — | (0" 0T, “
ottt E

This proves the lemma. ]

B.1 PROOF OF LEMMA [4.3]

As T; = 6%, using LemmaB.1] we have

(L > 5)

15
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We can rewrite the above equation as

H; 1 T7 = Z T; (6)
j=i1+1
Similarly, we have
H¢,2Ti271 - ZTJ (7)
j=i
Subtracting (7) from (6)), we get
Hi 1T} — Hi »T] | = Z T - ZTj
j=it1 j=i

This implies
H, (T?+ T, — Hi T2, =

Observe that we now have a quadratic equation in T;. Also note that T; > 0, as % > 0, the quadratic
equation above can only have a positive root. Therefore,

“1 1+ Ao H (T2 )
2H;

E:

We now want to show that every T; can be expressed in terms of 77. To this end, we first show that
T5 can be expressed as a function of 73 and then formalize it for any 7;.

Claim B.2. At any time (t1,- - ,t,) where VL = 0, Ty can be written in terms of T} as follows:
T2
Ty = ——. 8
2= (3)

Proof. From Lemma[4.3] we have

14 \/1 +4H; oH; (T )

T, =
2H; 1

For i = 2 we get

—1++/1+4HoH,(T?)
T, =

2H,

As tg = 0, we have §* = 1 which implies Hy = 1 and H; = (1 + T%) Putting this in the above
equation, we get:

“1 1441 (14 )T
2-(1+7)
_ —1+4 /4T 4+ 4T, + 1
- 2 (Ty + 1)
—1+4+27T7+1
2(Th + 1)

15 =

1
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B.2 PROOF OF THEOREM [4.4]

We prove this theorem by induction. As our base case, we know that the theorem holds for 75 (Claim
B.2).

Let us assume that the induction hypothesis holds till 7;_;. We want to show that the theorem also
holds for T;. To start with, let us first calculate Hy, for k < 1,

7=0
k: .
1+Ty)71
=1+ Z % (Using induction hypothesis)
= T
1 (EH)F -1
=14+ —" 1::_17,7 (Using geometric progression formula)
T -1
1 (BR)k -1
=1+ - 1
Tl Tl
k
14Ty
" ( Ty )

Using Equation|[I] we have,

—14 \/1 +4H; oH; 1(T7 )

T, =
2H; 1
T1)\i— Ty)\i— Tt
B —1+ \/1 +4. ((1;11))1 2. ((1-;11))1 1. ((1+T1)7?—2)2
2(1-;1T1)i—1
_ i L V1+4(Ty +1)(Th)
! 2(1 4 Ty)—!
_ i1 —1+277+1
L2 +1y)it
_ . n
A+ Tyt
Corollary B.3. At any time (t1,--- ,t,) where VL = 0, for all i in [n — 1], H; can be expressed in
terms of Ty as follows: 4
1+71\°
H; = 9
() ©
B.3 PROOF OF LEMMA [4.3]
From Lemma [B.T] we have that
T =(To+Ts+-+Ty) (10)

Which can be written as
T12 - (T2+T3+ +Tn—1) :Tn

By using Theorem we substitute T; = % for 1 <7 < n,to get

17
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(Th)? (Th)* (1)
To+Ts+ - +Tpq = I GV A
R (N Py R T Py A (R Ay

T \n—
_ (Th)* '1_(1+T1)L ’
(1+1y) 1- -4

I+11
"
BT A
Hence, we have -
AT
Corollary B.4. For 1 < i <n, at any time (t1,- - ,t,) where VL = 0, the following relation holds:
tin
(13&1)” =T, (11)

C MISSING DETAILS OF SECTION 4.3

As discussed in Section[4.3] we first show that 7% has a unique solution, then we approximate the
T;’s, and lastly we approximate ¢;’s. We now start by showing that 7} has a unique solution.

C.1 Tj HAS A UNIQUE SOLUTION

In Lemma [4.5] we showed a relation between 77 and T,,. Here we first show that the function
W with respect to 77 is strictly monotone and then argue that 73 has a unique solution which
minimizes L provided that 7' > nlog; /5(2).

Lemma C.1. Let g(T1) = $ Then g increases strictly monotonically with T;.

Proof.
d g nTp! (n—2) g
el — —(n—
dTl (1 + T‘l)n_2 (1 + T‘l)n_2 (1 + Tl)"_l
a1y
(1 + Tl)n—l
>0
Hence, g(T}) strictly monotonically increasing with 77. O

Note that as g(7}) is strictly monotonically increasing with 7} and T}, = §7 is a constant, we show
that 7 has a unique solution. To show this, for convenience we assume that 7" > nlog; /5(2). We
remove this assumption later in Appendix D}

Lemma C.2. Assuming T' > nlog, ,5(2), g(T1) = 8T admits a unique solution.

Proof. Observe thatt; € {0, ,T},s0 Ty € [67,1].
When T = 67,
T

g(Th) = A+1)2
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By our assumption that T' > n10g, /5(2), let us show that 6" < 51

T > (n—2)log; 5(2)
Tlog(1/0) > (n — 2)log(2)

1
T
0 < on2
WhenT; =1,
g(T) =1/2"72
>T, (Assuming 7' > nlog, /5(2)).

As g(Ty) < T, when Ty = 6T and g(Ty) > T, when T} = 1, using intermediate value theorem,
there exists a point p € [§7, 1] such that g(p) = T,. Since g is a continuous and strictly monotonically
increasing function, the point p is unique. Hence, g(7} ) admits a unique solution. O

Lemma C.3. A solution to g(T1) = 6T corresponds to a solution to VL = 0.

Proof. We began with a set of n independent equations (Equation ) and, through algebraic manipu-
lation, derived another set of n independent equations (Equations[B.4]and[4.4). Therefore, solving
for g(T1) = 6 and computing the corresponding values of T} yields a solution that also satisfies the
original equations. Since Equation ]implies VL = 0, this solution corresponds to a minimum of L.

O

Lemma states that when T' > n log; /5(2), i.e., T is much larger compared to 7, there exists a
unique inferior point solution to our problem. In section[D} we remove this assumption and show
how to find the solution of ¢(74). But for simplicity, we proceed with the assumption now.

C.2 APPROXIMATING 17 USING BINARY SEARCH

As we know that g(77) has a unique solution and ¢ is monotonically increasing with 77, we perform
binary search and estimate 7} to an accuracy of 1/8".

Lemma C.4. Assuming T > nlog, ,5(2), we estimate the value of Ty to an accuracy of 1/8", in
polynomial time.

Proof. We know, g(T}) = $ is strictly monotonically increasing with 7. Let
h(Tl) = g(Tl) - Tn
As T, is a constant, h(T}) also strictly monotonically increasing with T7.

Also,as Ty € [67,1] and T > nlog, ,5(2), it can be verified that at T} = 5T, W(Ty) = h(6T) < 0,
andatTh =1, h(Th) = h(1) > 0.

We now perform binary search as described in Algorithm 4] to obtain 77. We later show that
Algorithm 4] takes O(3n + T'log, (1/6)) iterations to obtain an approximation of 1/8". Since we
only do constant-time operations and function evaluations in each iteration, we need O(In(nT")) time
per iteration. Therefore, the overall time to obtain an approximation of 7" to a factor of 1/8™ would
be O((3n + T'log, (1/9)) In(nT)).

Note that the size of our search domain is initially 1—§ T < 1 and in each round, the size of our domain
decreases by a factor of 2. Let r be the total number of iterations, then after r = 3n + T log, (1/6)
iterations, our domain size decreases to a factor of less than

1 . 1
? ~ 93n+Tlog, (1/6)
1
=_—_ .7
87l
1
< 3 Ty Ty > 6.

19



Under review as a conference paper at ICLR 2026

Algorithm 4 Binary Search

1: low + 6T

2: high <1

3! Nyounds < 3N+ TIOg (1/5)
4: mid < (low + high)/2

5: curr <1

6: while curr < Nyounds do

7: mid < (low + high)/2

8:  if h(mid) = 0 then

9: return mid

10:  elseif h(mid) < O then
11: low < mid

12:  else

13: high < mid

14:  end if

15: curr < curr +1
16: end while
17: return mid

For an optimal 1, let T} = 6“1 be the optimal value of T} that satisfies VL = 0. Similarly, define
T5,...,T}. In the following lemma, we bound the error in 7;’s with respect to the estimation we
make for 77.

C.2.1 PRrROOF OF LEMMA [4.6]

Using Theorem 4.4 we know,
T
1+T)!

Let us assume that we can bound 7} as

Ti(1—¢) <Ty <Ty(1+e)

Then we get,

T

L= A +Ty)it

(Tr (1 + )
Ty (1 — )=

(Tr (1 + o))

T (A4 TF)(1 =€)t

<Ay T

_ o (m) (e
(1+T7)y—1 (1—e)i-1

e (e

=T; .7(1_6)1_1

Using some known inequalities like (1 4 z)" <14 (2" — 1)z and = < 14 2z fore < 1/2.
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‘We have,
T < T (1+ e)
(1 —¢)yi—t
<TF - (14 €)' (14 2¢) !
S 7‘;* . (1 _|_ 26)2i—1
<TF-(1+ (2771 —1)2¢)
ST - (14 (2% = 1)e)
Similarly, we get
Ti
T=—"5
(1+1Ty)1t

(T (1 + )’
“U+Tr A+ o) !
(T¥(1+e)
T (AT + )t

@y (-¢
T e

_ vk (1 76)1-

=T (14+¢€)1

Again, we know that (1 — )" > 1— (2" — D)z and 5 > 1 — .

‘We have,
O ra Sl
(14t
>TF-(1—e)f(1—e)!
=Tr-(1— e)21'71
>Tr - (1— (2271 —1)e)

Putting everything together, we get
T (1— (2% —1)e) <T; <TF - (1+ (2271 = 1)e)

We can rewrite the above equation as

Tr - (1—4%) <T; <T; - (1+4%)
Sincei < n

T (1—4"%) <T, <T7-(144%)
Hence, we have proved the lemma.
Corollary C.5. Serting e = 1/8", we get,

TP (1-1/2) < T, < T7 - (1+1/27).

The above corollary is obtained by putting e = 1/8™ because we have already shown in Lemma
that 7' can be estimated to a factor of 1/8"™ using Algorithm E}

C.3 APPROXIMATING t; USING T

As we have shown that we can estimate T, . . . , T}, in terms of multiplicative error, and since T; = §%,
we now bound ¢; in terms of additive error.
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C.3.1 PROOF OF LEMMA [4.7]

As T; satisfies

We have,
T, <T/(1+¢)
8t < 84 (1+¢)
t; >t +logs(1l+¢€)

1
ti >t — ——— -1 1
- ' logl/d og(1+¢)
1
>t — ——
T log1/s ()

Similarly, we have
T, 2T (1—¢)
6t > 6% (1 —¢)
t; < ti +logs(1—¢)

1=h T g(1/8) BV T €
1
t <t — ——(~2In(2
= Uy 10g(1/5)( Il( )6)
t: <t*+2ln7(2)6
C =T log(1/9)
* 21In(2)e % 21n(2)e
Hence, £} — 575 < 1 < 1 + gty oy
1 log(1/9)

Corollary C.6. Setting ¢ = 5 in(2) W€ have,

t =g S+ oo

D ANALYSIS WHEN a # 1

In our analysis so far, we have assumed that 7' > nlog; /5(2), i.e., a = 1. We now study the case
whenT < n log1/5(2), i.e., a # 1. In this case, the minima do not lie in the interior of space D.
However, in Theorem 4.2 we have shown that there exists a unique minimum in D. Therefore, such
a minimum must lie on the boundary of D.

To find the minima when T" < nlog; /5(2), we divide our analysis into three parts.

1. We first discuss the set of inequalities for which the minima lie at the boundary of D.

2. Next, similar to Sectionwe describe the relation between the 7;’s when T" < nlog; /5 (2),
which will eventually help us find the minima.

3. We then provide an algorithm to iteratively check the existence of the minima, if it exists,
and how to find it.

D.1 FINDING THE RIGHT SUBSPACE TO SEARCH FOR THE MINIMA

This section focuses on determining the value of a. In our algorithm, we perform a linear search over
possible values of a, and in each iteration, we check whether the conditions

n—2a 1 (a5T)n+272a

a
—— >6" and &= ———— <7
(a + 1)71—20, - an a2 (aéT + 1)71—211 -
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are satisfied. Theorem@] shows that this linear search correctly identifies the value of q, i.e., if a
satisfies these conditions, then in the optimal schedule, we have t; = 0 and ¢,,_; = T for all ¢ < a.

From the definition of space D in Section @ we note that the boundaries of D are t; > 0,t; < T
and t; < t;, 1. But the set of equations obtained so far indicates that for the optimal £, t; < t;11. We
therefore show that any solution with the added constraint ¢; = ¢;4; also corresponds to a solution to
our initial set of equations for D. To this end, with the additional constraint that ¢; = ¢;,.;, we obtain
the following two sets of equations.

1. Substituting ¢,41 for ¢; in L and writing VL = 0 where V is taken with respect to
{tl, ‘e ,ti_17ti+1, N ,t”_1}.

2. Substituting ¢; for ¢;4; in L and writing VL = 0 where V is taken with respect to
{t1,. . tistiyo, ... tn_1}.

We denote {¢1,...,ti—1,ti11,.-.,tn—_1} as our first equation and {¢1, ..., ¢;, t;yo,...,tn—1} asour
second equation. We now show the following lemma.

Lemma D.1. Any solution to the set of equations obtained by solving VL = 0, under the additional
assumption t; = t;11, is also a solution to the original set of equations obtained by solving VL = 0.

Proof. We here present a proof sketch as the proof is similar to the proof of Lemma [B.T]

Let us denote our original set of equations obtained by 9(L)/0t; in Lemmaby &;. When we
perform 0L /0t;, in our first set of equations, it looks like we have substituted ¢; with ¢;; in our set
of original equations. Denote by 5']1 the equation obtained by 9(L)/0t; in our first set of equations.
For example, when 0L /0t; = 0, we get
o(L) 1 1
= (51:1 _— —_—
on 0 G G

)(51%2 NI ¥ et +...+5tn)_

Similarly, our second set of equations looks like we have substituted ¢; 1 with ¢; in our set of original
equations. Denote by 832 the equation obtained by 9(L)/0t; in our second set of equations. For

example, when OL/0t; = 0, we get

8(L)_ t1 L i 123 t; tn
o, = (5t0)+(5t1)(6 4200 4 5.

Observe that since there is a unique minima for L, solving the above two equations must give the
same solution (or it can be shown that both equations have no solution). We can now construct
t'=(t1, - ,ti,tsy...,tyu_1), where t’ = (t1,...,t,—_1) is the solution obtained by the first set of
equations by calculating VL = 0, once substituting ¢; 1 by ;.

Let us first talk about the constraints that are obtained by equation £}, where j # i + 1. In our
solution ¢’, we have that ¢; = ;,1. But S} is identical to what we obtain when we set ¢; = ¢;41 in &;.
Hence, if we start with a solution ¢’ of 5}, it will also be a solution to &;.

Let#” = (t1, -+ ,tiv1,tiv1,--->tn_1), where (t1,...,t,_1) is the solution of the second equation.
We observe that the solutions that we get by solving the first and second sets of equations must
correspond to the minima, and we can easily show that this maps to the minima of L by setting
t;y1 = t; or t; = t; 1. Since there is a unique minima of L, ' = ¢".

Let us now see the constraints that are obtained by equation £ j2, where j # 7 + 1. In our solution ',
we have that t; = ¢;41. But 5? is identical to what we obtain when we set t; = ;41 in £;. Hence, if
we start with a solution ¢” of £ f, it will also be a solution to &;.

Putting these together, we obtain that ¢’ satisfies all the equations for our original set of equations. [J
We now show that an analogous result to Lemma|D.T|holds when we set ¢; = 0 and t; = T', where
7 > 1. Note that at the beginning we can set either ¢; = 0 or ¢,,_1; = T'. Observe that this is the most

general thing to do, since if we set t; = 0, where ¢ > 1, then by the constraints, t; = 0 Vj < 4, we
will have ¢t; = 0. Thus, the added constraint still encompasses this solution. We now show that as L
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has a unique optimum, setting ¢; = 0 leads to ¢,,_; = T'. We capture this in general by the following
lemma.

Lemma D.2. If the optimal solution exists in the subspace A of D, obtained by setting t1,ts,...,t;
to zero and t,,_j, ..., t,_1 to zero. Then, there is an optimal solution in the subspace A’ of D by
setting t1,ta, ...ty to zero and t,_y, . .., t,_1 to zero, where k = max(i, j).

Proof. We show this by contradiction. Let us assume without loss of generality that 7 < j. Assume
that a solution exists in the subspace A, but not in A’. Then this solution has a non-zero entry
among (t;,--- ,11), say at the z"* position. Let us call this solution = (t1,ts,...,t,_1), where
tl = ~~:ti:0andtn_j :"':tn—l =0.

Foraconstant T, let T — ¢ = (T — t1,...,T — t,). We call this solution ¢’ = (T — t1,...,T — t,).

Observe that L(t') = L(¥). Therefore, if ¢ is a global minimum to L, then ¢’ is also a global minimum
to L. But this contradicts the existence of unique global minima. O

Let D; be the subspace obtained by setting t; = 0 and ¢,,_; = T'. Similarly, define D; ;. Then, we
have the following theorem:

Theorem D.3. Consider the subspaces D1, D2, D3, ..., D, 9. Foreachi € {1,...,n/2}, one of
the following hold:

1. The solution lies in the interior of some Dj, where j < 1.

2. The solution lies on the boundary of D1, ..., D; and in D; 4.

Proof. Let us prove the theorem by induction on ¢. For i = 1, we have demonstrated in Section[4.1]
that the solution lies in D;. Hence, if it does not lie in the interior of D, then it lies at the boundary
of Dy. In Lemma [D.I] we have shown that if the minima of L only satisfy equations of the form
t; = t;+1, then our original set of equations also has a solution. But this cannot be the case as we have
seen that &£; (t; < t;11) has a solution. Hence, the minima for L must also satisfy some equations of
the form ¢; = 0 or/and t;, = T for some j, k > 1. However, if it satisfies some equation of the form
t; = 0 for some j > 4, then by Lemma@it also satisfies to = 0, and £,,_o = T and so on.

Now, let us assume that the theorem holds up to ¢ — 1 and demonstrate it for ;. By the induction
hypothesis, we know that either the solution lies in the interior of Dy, ..., D;_; orit lies in D;. Let
us consider the case where it lies in D;. If it does not lie in the interior of D;, then it lies on some
boundary of D;. If the solution lies at the boundary of D;, then it must satisfy some of the equations
that form the boundary. As the minima lies in D;, it satisfies ¢; = 0 and ¢,,_; = 0, using Lemma

Again, by Lemma [D.1] we know that if the minima to L only satisfy equations of the form ¢; = ;4
and not any other equation, then our original set of equations has a solution. Hence, the minima of
L must satisfy some equations of the form t; = 0 or/and t;, = T for some j, k > i. However, if it
satisfies the equation of the form ¢; = 0 for some j > 1, it also satisfies ¢;;; = 0. Also using Lemma
it must satisfy ¢,,_;_1 = 7. Similarly by Lemma[D.2]if for some j > ¢, our equation satisfies
tn—i—1 = T, then it also satisfies, t; 1 = 0.

Therefore, by these inequalities, the minima must satisfy ¢;4; = 0 and ¢,,_;_1 = 1. This proves our
lemma. O

In the next section, we show how the 7;’s depend on one another, similar to Section @ where we
expressed each T in terms of 77.

D.2 DEPENDENCY OF T;

In this section, we show how the T;’s relate to one another under the new set of equations. While
many of the proofs mirror those in Section f.2] we now extend them to a more general setting by
incorporating the constraint ¢, = 0 for different values of a.

As we have already seen, if the solution of L does not lie in the interior of D, then it must lie in the
subspace with the added constraints ¢, = 0 and ¢,,_, = T for some a € {1,2,...,n/2}. To this end,
we show how T} can be expressed in terms of Tj,.
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Lemma D.4. Assuming to = --- =t,—1 = 0, we can write T, ; in terms of T, as
1 (aT,)™!
Tori=— ———. 12
Y0 (aT, + 1) (12)

Proof. Using Lemma[4.3] we have

—1++/1+4H;,_1H; 5T?
2H;

1—;:

1 (aTa)l _
As a base case, when ¢ = 0 we have, - " {aTof1)0 = T,.

As the first a terms are zero, using the induction hypothesis, we now calculate H,;, which is the
sum of the first @ + k + 1 terms.

k
HaJrk = Z
7=0

ﬁ\

(1+aTy)
=a+a Z anr“lanlrl (Using induction hypothesis)

1+aT13 1
=a+a Z G

1 (1+aT1 )k:Jrl -1

=a+ T alTiaT—lil (Using geometric progression formula)
aTy
1 (1Z{1T1 )k+1 ~1
n T
. 1+ aT,\
=a+a —a
CLT1

1+ aT, k+1
=a
aly,

Now, we have

-1+ \/1 +dHoyioHario1(T7,; 1)
2Hg+i—1

1 \/1 4. a((lz,;lTl))ifl . a((lz;lTl))i (L (aT1)_ )2

a (14+aTy)i—1
14+aTh \;
2(1(TT1 L)d

—1+4/1+4(aTy +1)(aTy)
2a(1 + aTy)?
. =1+ 20,T1 +1
=(ah)'  ————
(aTh) 2a(1 + aTy)?
B l (aTl)i+1
o a (1 + aTl)i ’

Ta+i =

= (aTl)i .

Next, similar to Lemma[d.5] we show how to express 7,441 in terms of 77,.
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Lemma D.5. Assumingto = --- =t,_1 = 0, we have
1 (aTa)n72a+2
T, == 13
n—a+1 a2 (1 + aTa)"*% ( )
Proof. Similar to how we obtained Equation [L0] we use 0L/9t, = 0, and the fact that t = - - - =
to—1=0and t,_o4+1 =+ - =t, =T, we get the following
2 1 T
Ta = E(Ta_i_l + "'+Tn_a+a6 )
Hence,
aTa? - Ta+1 +o+ T = aéT
Now, using Lemma [D.4] we have
1, (aT,)? (aT,)? (aT, )20+t
T, T, o Ty =~ AU Sl
1t dag2 bt JOxary) T Oranz T U=
B el G- D
a (1+aT,) 1-— 115%0
1 Ta n—2a+2
gy LT
a(1+aT,)n2e
Thus, putting everything together, we have
Ta n—2a+2
L) gt (14)
(14 aT,)"2e
O
Corollary D.6. Assumingty = --- =141 = 0, we have
1 5ta n—2a+2
6T _ (G, ) (15)

"~ a2 (1 + adte)n—2a"

Having derived the relation between T, ; and T,, we next use them to approximate 7, and provide
our near-optimal algorithm.

D.3 CHECKING MINIMA AND APPROXIMATION

In this section, we derive the two conditions used in Algorithm E] to find the value of a. We then
provide the fleshed-out version of Algorithm [I]in Algorithm [5]and derive our main theorem for the
general setting (a # 1).

Similar to Section[d.3] we first define

1 (aTa)n—2a+2

9(Ta) = - L+ aTy)" 2 (16)

Lemma D.7. g(T,) is strictly monotonically increasing with T,, € [67, 1].

Proof.

d 1 (aT,)n2e+2 (n — 2a + 2)(aT,)"20+1 (aT,)"—2a+2

AT, a® (1 +T,)n—2a (1 + aT,)"—2e — (n—2a) (1 + aT,)n—2a+1
(n = 20+ 2)(aT,)"~20+1 4 2(aT, )" —2a+2
- (1+aT,)" 1
>0
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Corollary D.8. ¢(T,,) = 6 admits at most one solution.

We have shown in Lemma [D.5]that any solution that satisfies Equation [[4]is the optimum solution. To
check if Equationadmits a solution, it suffices to check the value of ¢(T;,) att, = O0andt, =T.
Precisely, we need to check if

e att, =0
an—Qa T
(CL+ 1)71,—2(1 Z 0
catt, =T
1 (aéT)n-‘,-Q—Qa .

—_— <
a2 (a6T+1)n—2a —

The two above inequalities can be verified in O(In(nT')) time. According to Theorem|D.3] domain
reduction, which involves checking whether the inequalities hold and incrementing « if they do not,
needs to be performed at most /2 times. If we find that a feasible solution to these inequalities
appears after performing domain reduction up to a — 1 times (for some a < n/2), then, by Theo-
rem|D.3] this solution lies in the interior of the domain D,,. If we have to do domain reduction n/2
times, then there is only one point in the feasible region i.e., t; = 0 for i < n/2 and t; = T for
i > n/2 (if n is odd, then t,, /o = T'/2).

Once we find a value of a that satisfies both the conditions, we perform binary search using Algo-
rithm[5] which runs in O ((3n + T'log,(1/6)) In(nT')) time. This yields an approximate solution to
T, with accuracy 1/8", following an analysis similar to that in Lemma|C.4] As in Lemma|C.3] we
can show that a solution to g(7,) = §” corresponds to a solution to VL = 0, and thus a minimum to
L.

After computing T,, we can recover the value of T;’s using Lemma in O(nlog(nT)) time.
Applying a similar analysis as in Lemma we obtain all T; with accuracy 1/4™. Finally, using these
approximate values of T;, we compute the optimal schedule ¢; in an additional O(nIn(nT)In(1/6))

time, with an additive error of at most QL

Note that Algorithm [5]is the complete description of Algorithm[I] We now prove one of our main
theorems.

Theorem D.9. From Algorithm we can derive a 1/2™-approximate schedule to the optimal schedule
using Algorithm

Proof. As shown in Theorem .20 Section[A] there exists a unique optimal schedule. In Section B]
Lemmas [4.3] and [.5] establish a system of equations whose solution yields this optimal schedule.
Lemma n Section shows that our algorithm provides a 1/2"-approximation to the solution of
these equations. For the general case a # 1, Lemmas|[D.4]and [D.3]in Section [D|present analogous
expressions, and we show that the algorithm achieves the same 1/2™-approximation in this broader
context. Putting everything together, we conclude that our algorithm yields a 1/2"-approximation to
the optimal schedule.

O

E MISSING DETAILS OF SECTION 3]

In Section[5] we discussed many behaviors of our near-optimal solution. In this section, we prove
them in detail. To begin, we first present the following property of our solution.

Lemma E.1. For the optimal solution t, we have t1 — tg = t,, — t,_1.

n—1

Proof. At optimum, we have T,, = (H;ﬁ% and T,,_1 = (HT}W Hence,
T, T
LI —
Th1 To
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Algorithm 5 Binary Search with checking

R R = = = s e e e e e e
TRYRIRIINELN 7O

N
[\

W e nh2N

low + 6T

high + 1

Nrounds < 3n + T 'log (1/0)
mid « (low + high)/2
curr <1

a<+1

ctr < 1

while ctr < n/2 do

n—2a

: a T
if W < 6" then

ctr ++
else if % -

ctr ++
else

a < ctr

break
end if

(aaT)n+272a

T
W > 0* then

: end while
. if ctr > n/2 then

return (n/2, 1)

. end if
P R Y i

@@ (TFalo)

. while curr < nyounds do
23:
24:
25:
26:
27:
28:
29:
30:
31:
32:
33:

mid < (low + high)/2
if h(mid) = 0 then
return msid
else if h(mid) < 0 then
low < mid
else
high < mid
end if
curr < curr + 1
end while
return (a, mid)
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The above equation can be written as

6tn_tn—1 — 6t1—to
Therefore, we get

tp —th—1 =11 — 1o

O
Next, we show that the ratio between 7; and 7;_ is always fixed.
Lemma E.2. Foric {2,...,n— 1}, we have
T; T
-t (17)
T4 (1 + Tl)
Proof. We have,
T, e
; =1
i - G Using Theorem 4]
T Ty
(1+T1)7"_2
C(1+T)
O
Corollary E.3. to — tl = tg — tg == tn,1 — tp—o.

Now, in the following two lemmas, we show that as we increase the value of §, the value of ¢;
decreases. We first show that ¢; cannot be greater than T'/n.

Lemma E.4. Given §,T and n, in any optimal solution t we have t; < T/n .

Proof. From Corollary we know that when VL = 0, we have

5t1n

_ T
Axomyz 0 (18)

Let us define h(t;) = (ij;% At optimum, we would like h(t;) = §7.
For a fixed 6,

For a fixed §, T and n, we know that g(T7) = $ is strictly monotonically decreasing with T
(using Lemma|C. I).

We have that h(t;) = g(6"). Since §'* monotonically decreases with ¢;, we obtain that h(t;)
monotonically decreases with ;.

We know that h(T'/n) < 67. Since in the optimal solution, we require h(t;) = §7, we obtain
t < T/’I’L O

Lemma E.5. Fix n and T, then as § increases, the value of t1 decreases.
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Proof. We know from Corollary [B.4] that at optimal value of Z, we have

5nt1
=
(1 + 5t1)n72
Differentiating the above equation from both sides, we get
Tt (148%)"2 (6" 4 e In(8) G )
) (1 +5t1)7L—2 (1 +6t1)2n—4

M ((n = 2)(1 4 0")" 3060 T (n = 2)(1 4 89)" 36" In(8) G )
(1 + 5t1)2n74

This implies that

T(l i 5,51) _ (1 + 5t1)(nt1 +nd 111(5)%) —((n — 2)t15t1—1 + (TL — 2)§t ln(é)%)

Hence, we have

T(1+46") = %((1 +6"MnsIns — (n — 2)6" 1 In(8)) + nty + 216"
Therefore,
(%)((ﬂné)(n +20") =T(1+6") — (n+ 25"ty
Rearranging the terms, we get
(%)(Mné)(n 4 20") = 6" (T — 2t1) + (T — nty)

Finally, we obtain
oty h (T — 2t1) + (T — ntl)

95 61nd(n + 25t

Asn > 2and t; < T/n, the numerator in the above equation is strictly positive. Note that In(§) < 0
and therefore the denominator is strictly negative. Hence, the derivative must also be strictly less than
0. This implies that ¢ is monotonically decreasing with 9. O

Next, we show that as § — 0, ¢;’s are equally spaced in 7.
Lemma E.6. As § — 0, we have t; — Ti/n.

Proof. AsT,, = 67, for the optimum solution, the corresponding value of T} satisfies
T’ﬂ
5T _ 1
(1+Ty)n2
But if the solution is not optimal, the above equation might not be true. Hence, we try to estimate the

value of the quantity:
1 7

0T (1+ Tp)n—2

We would like to show that as § — 0, the value of the above equation at T} = oT/n converges to 1,
which will imply that (H;ﬁ — 6T, We now show that this is true.

lim i = lim o
=0 0T (1 +Ty)m"2 6§50 6T(1 + §T)n—2
lim !
60 (14 6T )n—2
=1

As we have already seen that ¢;’s are equally spaced between ¢; and ¢,,_; (Corollary @I) and since
t1 — T/nandt,_y — T — T/n (using Lemmal[E.1), as § — 0, this gives ¢; — iT/n. O
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The properties that we have shown so far in this section holds when 7" > nlog; /5(2) (i.e., a = 1).
We now show that similar properties hold when T < nlog, /5(2) (i.e., a # 1). From Section|D} we

observe that as ¢ increases, t,—1 = 0 and t,,_,+1 = T for a € [n/2 + 1] hold. We now, in the next
three lemmas, argue that as § increases, t, decreases for a # 1.

Firstly, from the analysis in Section [D] we observe that as ¢ increases, the constraint ¢, = 0 holds
for larger and larger a. When t,_; = 0 and ¢, # 0, from Corollary we can write 67 =
1 (aé‘ta)n—2a+2 1 (aéta)"_2a+2

? W‘ We now try to find the ranges of (5 for which (5T = ; W holds.
Lemma E.7. The equation
1 (St“ n—2a+2
§T = 7M (19)
CL2 (1 + a(st,l)n72a
) 1/T ) T
holds in the domain § € 0T ﬁ)n_%” ) (M)H_QQ>
Proof. Equation[T9holds when
* Solving Equation [I9] gives a positive solution for ¢,.
* Solving the equation
1 -1 5ta n—2a+4
o ((a —1)5") 0

~ (a—1)2(1+ (a —1)§ta—r)n—2a+2
gives a negative solution for ¢,_1, i.e., the equation is invalid.
1 (aéta)n72a+2
Let us define h(l (ta) = EW.

Using Lemma|D.7}, we know that g(T,,) — — (aTa)" 207 tonically increasing. with 7
sing Lemma|b. /L we Know that g( L4 ) = a2 (1 +aTa)7L_2a 1S monotonically increasing. wi a

We know that h,(t,) = g(6%). Since §*« monotonically decreases with ¢,, we have that h, (,)
monotonically decreases with %,,.

Substituting ¢, = 0, we get

h(0) — 1 an—2a+2
0)= a2 (14 a)n—2e

We know that (t,) < h(0) since t, > 0 by monotonicity. We also know that if Equation[19has a
solution ¢,,, we would have h(t,) = 6T, Using these, we obtain that:

n—2a+2
r_ 1 a

< - -
— a2 (1 +a>n—2a

o< ()

1/T
Hence, Equation is valid only for § < (W) .

1T

By a similar argument, we can show that Equation [20|is valid only for § < (W) .
1T

For § > (m) , we would obtain t,_; = 0 and Equation|20[would no longer hold.

1/T
Therefore, it becomes valid to now write Equationas long as 6 < (W) .
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. . 1T . 1/T
In the domain § € [((Hall)nmﬁ) , ((1+§)”*2a) } , we have that:
] 1 ((CL _ 1)6ta)n—2a+4 o )
. T _
The equation §* = (@—1)2 (1 (a = 1)ole1yn—2a72 is invalid.
) 1 (a(sta)n72a+2 ) )
* The equation 67 = o W is valid.
Hence, the domain in which Equation holds is ) €
/T T
1 1 0
((1 + ail)n2a+2> ’ ((1 + }l)nZa) ’
) /T
Lemma E.8. When § = (L4 L2 ,we have t, = T/(n — 2a) as the only solution
1 (a(sta)n72a+2
: i, ST _
to Equatl()n le. (S = @W .
1T
Proof. We can verify the statement of the lemma by substituting § = (W) , and

to = T/(n — 2a) into both sides of the equation.

The LHS becomes
17\ T
o (—
1+ 22

1
= (1 + %)n—2a+2
po
_ a—1 )nf2a+2
Y .
The RHS becomes:
1 (a(sta)n—Qa—&-Q 1 an72a+2(a771)n72a+2
- 7 O - a
a2 (1 + aéta)n72a a2 (1 +a— 1)717211
1 (a _ 1)n72a+2
- ? an—2a
_ a—1 n—=2a+2
= (e,
1 (agta)n—2a+2 . . . .
As we know that h,(t,) = 2 (Tasrayi—2a 18 monotonically decreasing with t,. Hence, t, =
T/(n — 2a) is the only solution to Equation 19} O
/T /T
Lemma E.9. For ¢ € [(W) ; (W) ] the value of t, which satisfies
a—1 a
Equationstrictly monotonically decreases with § from n_+a+2 to 0.

Proof. We know that when Equation [19|holds, we have,

6T B i (a5ta)n72a+2
- (12 (1 + aéta)n—2a
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Differentiating with respect to §, we obtain that
T (ast~o)"=20+2 1 (14 ad')"2%(n — 2a + 2)(ad’*)" 2"+ 1a(j' Ingoe +¢,0t1)

% (]_ + aata)n72a - CL2 (1 + adta)2n74a

1 (adt*)"=20%2(n — 2a)(1 + adte)" =20~ 1g(6t In §9%e +¢,5% 1)

a2 (1 +a5ta)2n74a
Hence,

T t t t t ta—1 Otq
g(l +ad")(ad*) =[(14 ad*)(n — 2a + 2)a — (ad"*)(n — 2a)alo** (51n5% +11)
Rearranging the terms, we get
Ot,
T(1+aé') = [(n —2a)+2(1 + a5t“)][5ln5$ + 4]
Therefore, separating variables, we get
Ot,
0lnd 86' = [T — (n — 2a + 2)t,] + (ad")[T — 2t,]

Finally, we can write Ot, /00 as:

Ota [T —(n—2a+ 2)ty] + (ad')[T — 2t,]

a5 0lnd

1T _
When § = (m) , we have for the optimal ¢{, by Lemma @ we have that
a—1
t, = ﬁiu Observe that at this point, the derivative of 7' with respect to § is nega-
tive, and it remains negative as long as t, < T/(n — 2a + 2). Hence, in the domain § €
1T 1T

[(m) , ((H%ﬁ) ], we have that ¢, decreases strictly monotonically with
respect to 4. O

We now prove a lemma similar to Corollary [E.3]

Lemma E.10. At the minima, for the first non-zero and last non-T time we have that the ads are
equispaced, i.e, ty —t,_1 =1, —0=T —t,_4 =tn_—at+1 — th—a

Proof. From equation[I3] we obtain that

1 aTa n—=2a+2

Tn—a+1 = 5T - 3 ( ) 5
a® (1 + al,)"2a

From equation[T2] we obtain that

—_

(aT,)*t
(aT, +1)°

T .. ==.
a+1 a

Substituting : = n — 2a, we get

T B 1 (aTa)n—2a+1
" a (aT, +1)n2a
Taking the ratio, we obtain
Tn—a+1 _ Ta _ Ta
Tnfa Tafl

This implies
Strn—a+t1—tn—a — gla—ta—1

Using the fact that¢,,_,4; = T and t,_; = 0, we have
5T_tn7a — 6ta_0

Taking log on both sides, we get
T—tnq=1t,—0
This proves our lemma. ]
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Now, similar to Lemma[E.2] we have the following lemma.
Lemma E.11.

Ti o aT1
Ty aly +1
Proof. From equation[I2] we obtain that
1 (aTa)iJrl
Tayi =~ 7o
a (aT,+ 1)
Ta+i+1 1 (aTa)i+2 % (aTa + 1)1
—_ = — . . a - .
Tovs a (aT,+ 1)1 (aT, )it
_ al,
T al,+1

O

Hence, the ratio between successive terms is some constant. Now we prove a lemma similar to
Lemma [E3]

Lemma E.12. The value of t, decreases as 0 increases.

Proof. From equation[I3] we obtain that
1 (aTa)n—2a+2

Tnfa+1 = ﬁ (1 + aTa)n—Qa

We have already established that the RHS is a monotonically increasing function in Lemma
Observe that T, _,41 = 8T therefore as § increases, T, —a+1 increases. This means that the LHS
increases with delta. Since the RHS is monotonic, T}, also increases with 6. As T, = &%«, t, decreases
as ¢ increases. O

We have now established all the behaviors of our near-optimal solution as described below.
Observation E.13. The near-optimal ad schedule exhibits the following patterns as 6 varies:
* As 6 — 0, ads are placed at evenly spaced intervals.
* As ¢ increases, more ads concentrate at times 0 and T

* As 0 increases, the first t; > 0 moves towards 0, and the last t; < T moves towards T. The
remaining ads are evenly spaced between t; and t;.

So far, our analysis has assumed that ads are instantaneous. We now extend our approach to the
setting where all ads have equal size and show that a near-optimal schedule can still be achieved.

E.1 ADVERTISEMENTS WITH EQUAL SIZES

Let us dive into the case where the ads are of equal size, say s. We want that at any point in time,
there is only one ad schedule. For this problem, we consider a new loss function which is defined as

L) =3 sttims 21
j<i
The above loss function can be written as
Ly(f) =07") 087" (22)
j<i
Note that the loss function of Equation [22]is similar to L(t). Hence, the minima obtained for L(f)
will also be minima for L(¢). However, for feasibility, we need that the ads are at least s time

apart. Observe that for Equation 22} we need an interior point solution, and hence we work under the
assumption that 7' > nlog, /5(2) (ie., a = 1).
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Lemma E.14. When all ads are equal in length, if the second ad can be scheduled as per our
near-optimal schedule, without overlapping with the first ad, then all ads can be scheduled as per our
near-optimal schedule.

Proof. To construct the schedule, we place our first ad at ) = 0 and the lastad at¢,, =T — s. We
then solve the problem for 77 =T — s.

We now want to show that if the second ad can be scheduled optimally, then all ads can be scheduled
optimally. To schedule the second ad, we need that ¢t; — tg > s, which implies t; > s and hence,
T, = 6% < §°. This immediately ensures that the second last ad i.e., t,,_; can be scheduled as
t1 —to = tn — tp—1 (using LemmalE.T).

We also know that for i € {2,...,n — 1}

T, T
Tzfl B 1+ Tl
<T (Using Lemmal[E.2)

Therefore,

5%‘ —ti—1 < T1

<5

Taking log to the base § on both sides, we obtain

ti—tiy1 > 8
Hence, there is enough space for ads to be scheduled optimally. [

So far, we have assumed that the number of ads n is known. In the next section, we show how to
determine the optimal number of ads for a user.

E.2 OPTIMIZING THE NUMBER OF ADS TO DISPLAY

Given that the relative strengths of mere exposure and operant conditioning are known, a natural
question arises: how many ads should be shown to maximize the overall reward? To answer this, we
observe that for any fixed number of ads n, the loss due to operant conditioning can be computed
exactly. In addition, ) B(i) can be calculated since it is just a function of the number of pulls,
allowing us to calculate the total reward R(f) precisely.

To find the optimal number of ads, we evaluate R(t) for each n € {1,...,n}, where 7 is the
maximum number of ads that can fit within the time horizon 7T". The value of n that maximizes R(¢)
gives the optimal number of ads. performs this procedure and returns both the optimal
number of ads and a corresponding near-optimal schedule in quasi-quadratic time with respect to
7. Note that in most real-world scenarios, the maximum number of ads is either known in advance
or can be learned efficiently. Moreover, prior work (RedCircle, 2023} [Pandora) suggests that the
maximum number of ads is typically not very large. For example, platforms like YouTube and
Spotify generally display around 10 and 5 ads per hour, respectively. Hence, we can conclude that

[ATgorithm 3| performs in quasi-linear time for all practical purposes.

F MISSING EXPERIMENTS FROM SECTION

In this section, we provide additional experiments omitted from Section [6] For all the experi-
ments, we used an 11th-generation Core i5 laptop with 8GB of RAM. The experiments took a
few seconds to run. Since the experiments are designed to be very lightweight, running them
on any personal computer should not be much of a problem. The complete code is available at
https://anonymous.4open.science/r/Ads-that-Stick-SE13/README.md. We now provide a few more
experiments for the four experiments described in Section [6]

35


https://anonymous.4open.science/r/Ads-that-Stick-5E13/README.md

Under review as a conference paper at ICLR 2026

F.1 VARIATION IN NEAR OPTIMAL STRATEGY WITH CHANGE IN §

We present our experimental results to illustrate how our strategy evolves as the parameter § increases
from O to 1 for aneven n + 1.

We observe that the pattern is largely similar to the odd case, with one key difference: for an odd
number of ads, the %H-th ad remains fixed at t = T'/2, regardless of the value of § (See Figure .
But for an even number of ads (See Figure [2a)), the optimal times to show the ads in the first half shift
towards 0 while the optimal time to show ads in the second half shifts towards 1" as the value of §

increases. Hence, it supports the theoretical behavior described in Observation[5.1]

F.2 OUR STRATEGY VS BASELINE STRATEGIES

We have presented the performance of our near-optimal strategy compared to three baseline strategies,
namely Uniform, Corner, and Random. We now describe them in more detail.

¢ Uniform: Ads are placed uniformly over [0, T'], with equal spacing.
* Corner: Half of the ads are placed at ¢ = 0, half att = T..

* Random: The first and last ads are fixed at ¢ = 0 and ¢ = T, respectively, while the
remaining n — 2 ads are distributed uniformly at random over the interval (0, 7).

In Section [6.2] we presented an experiment with n + 1 = 15 and " = 100, modeling a video
streaming scenario starting with § = 0.9. We now present a similar experiment for a music streaming
setting (Figure 2b), where a typical session lasts around 60 minutes with approximately 6 ads. This is
to emulate what popular music streaming services offer in their free plan. It can be observed that our
strategy performs better than all the baseline strategies.

20.0 14 — Our Strategy
175 Uniform Strategy
' 121 —— Random Strategy
15.0 Ad-No. 1 —— Corner Strategy
Ad No. 2 10
o 122 —— AdNo.3 | @
0. %)
€ 9 8
= 10.0 — AdNo. 4 a
7.5 —— AdNo.5 6
5.0 —— Ad No. 6
4
25 \_
0.0 2
0.0 0.2 0.4 0.6 0.8 1.0 0.90 0.92 0.94 0.96 0.98 1.00
9] 6
(a) Our strategy forn +1 =6,T = 20 (b) Loss with § forn +1 =6,7T = 60
60
k=2
> 50 k=25
— k=3
’ﬁ 0 . 40 k=4
o o
=S 230
8 -5 2
20
-10
10
-15 0
10 20 30 40 50 60 70 0 10 20 30 40 50
Number of Ads (n+1) Number of Ads (n+1)
(c) log(loss) vs n + 1_ads (d) Reward v/s n + 1 for B(i) = k- (1 — e’i/lo)

Figure 2: Additional experiments to evaluate the performance of our near-optimal strategy.
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F.3 CHANGE IN LOSS WITH NUMBER OF ADS

In Section we examined how the loss changes with the number of ads for different values of
d. We extended that experiment by plotting log(loss) versus the number of ads (Figure , and
observed trends similar to those in Section

F.4 OPTIMUM NUMBER OF ADS

In Section[6.4] we used a sigmoid reward function to determine the optimal number of ads for various
values of k and ¢, where k captures the combined strength of hedonistic adaptation and mere exposure,
and c controls the sensitivity to the number of ads. We now perform a similar experiment using
B(i) = k(1 — e~“*) (See Figure 2d), and show that the peak of the curve corresponds to the optimal
number of ads.
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